We consider the tilted-hexatic Hamiltonian on the fluctuating membranes.
Lyotropic liquid-crystal systems show a variety of phases with different types of inplane two dimensional order. Among the most interesting are the tilted-hexatic phases, which have quasi long-range order in two order parameters (the orientation of the local bond and the direction of the local molecular tilt), but only short-range translational order.
Recently, there has been considerable progress in understanding tilted-hexatic phases on the rigid layered liquid-crystals. Selinger and Nelson [1] have presented a Landau theory for transitions among tilted-hexatic phases. They consider the tilt-bond interaction potential and find several different hexatic phases depending on the interaction potential parameters.
However, they consider only low temperature phases, in which disclinations in the bond orientational angle field θ 6 (u) and vortices in the tilt-angle field θ 1 (u) can be neglected.
In this Letter, we present a Landau theory, without the tilt-bond interaction potential, for transitions from tilted-hexatic phase to disordered liquid phase on the fluctuating membranes. We extend the theory of Nelson and Halperin [2] by considering the fluctuating membranes with the tilt and the hexatic in-plane orders and focusing on a gradient cross coupling. Depending on the value of this gradient cross coupling, we find two critical regions in the phase space of the tilt stiffness K 1 , the hexatic stiffness K 6 , and the gradient cross coupling K 16 ; one corresponds to the strong coupling and the other the weak coupling. We also show that without the tilt-bond interaction potential there exist a couple of different tilted-hexatic phases differing from each other in the relation between the local bond orientation and the local tilt direction. Finally, we will discuss the crumpling transition of the fluctuating membranes with the tilt and the hextic in-plane orders.
We parametrize the membrane by its position vector as a function of standard Cartesian coordinates x = (x, y);
where h(x) measures the deviation from the flat surface. This is called a Monge gauge.
Associated with R(x) is a metric tensor g αβ (x) = ∂ α R(x) · ∂ β R(x) and a curvature tensor
is the local unit normal to the surface. From the curvature tensor K αβ , the mean curvature, H, and the Gaussian curvature, K, are defined as follows:
where g αβ is the inverse tensor of g αβ satisfying g αλ g λβ = δ α β . In the continuum elastic theory, the long-wavelength properties of a fluctuating membrane are described by the Helfrich-
Canham Hamiltonian [3]
where g = det g αβ , κ is the bending rigidity,κ is the Gaussian rigidity, and σ is the tension of the membrane. The first term is the mean curvature energy, the second the Gaussian curvature energy, and the third the surface tension energy. We are mostly interested in free membranes for which the topology is fixed and the renormalized surface tension obtained by differentiating the total free energy F with respect to the total surface area A (σ R = ∂F /∂A), is zero. Therefore, we will ignore the Gaussian curvature energy due to the topological invariance and the surface tension energy with the understanding that it is really present if we want to keep track of how σ R actually becomes zero. In the Monge gauge, the mean curvature energy for the geometric shape fluctuations becomes
We consider the Hamiltonian for the tilt and the hexatic orders on a fluctuating membrane,
in terms of the local bond-angle field θ 6 (u) and the tilt-angle field θ 1 (u). We introduce the constants multiplied to the stiffnesses (K 1 , K 16 , K 6 ) to show the symmetry in the recursion relations which will be shown later. The gauge field A α describes how the basis vector rotates under parallel transport according to the Gaussian curvature of the surface [4] . For simplicity, we dropped the tilt-bond interaction potential. Effects of the tilt-bond interaction near the fixed points may change the phase diagram qualitatively and deserve further investigation.
Thus we have the full Hamiltonian H = H HC + H TH to describe a fluctuating tiltedhexatic membrane. We follow Park and Lubensky's treatment of the topological defects on fluctuating surfaces [5] , and obtain the tilted-hexatic membrane partition function
with the effective Hamiltonian
where we set β = (1/k B T ) = 1 and
a is the short-distance cutoff, y 1 (y 6 ) is the fugacity of vortices (disclinations), and φ 1 (φ 6 ) is the conjugate field to vortices (disclinations). In order to establish the RG recursion relations for the tilted-hexatic rigidities, (K 1 , K 16 , K 6 ), and the fugacities, (y 1 , y 6 ), we study the renormalization of the two-point vertex functions Γ (2) φµφν (q) for the effective Hamiltonian in Eq. (7). Following the method of Park and Lubensky [6] , we find two critical regions: 1) the strong coupling regime near the point S ≡ (K 1 , K 16 , K 6 ) = (2/π, 2/π, 2/π); To leading order in the fugacities, we obtain 
As a check on these results, we set K 1 = K 2 16 /K 6 initially, and find that this self-duality condition is preserved under our renormalization transformation;
as it should be. To study the system in the critical region near the point S, it is useful to introduce deviations defined by
as well as rescaled fugacities
To lowest order in these variables, the recursion relations become
The flows generated by this system of the recursion relations are similar to the flows in the XY model. The phase diagram in this regime is shown in Fig. 1 . In the shaded region, the long-wavelength properties of the phase is described by the Hamiltonian in Eq. (5) with renormalized tilted-hexatic stiffnesses (K R 1 , K R 16 , K R 6 ). With the initial values This happens when K 1 ≤ 2/π or K 6 ≤ 2/π, and we expect the locked tilted-hexatic/liquid phase boundary when disclinations and vortices unbind simultaneously.
2) the weak coupling regime near the point W ≡ (K 1 , K 16 , K 6 ) = (2/π, 0, 2/π); To leading order in the fugacities, we obtain
With the variables defined near the strong coupling fixed point except for K 16 and defininḡ K 16 = (π/2)K 16 , we rewrite the system near the point W to lowest order,
Although the flows generated by this system are complicated, it is easy to check that the quantity
is invariant to leading order along the trajectories,
Since C is entirely determined by Eq. (22) evaluated at l = 0, it is an analytic function of the initial conditions. According to the recursion formula (20), the space K 16 = 0 is attractive and the long wavelength properties are described by two independent sets of the XY-like renormalization recursion relations; one for the tilted-angle field, the other for the hexatic-angle field. The phase diagram in this regime with K 16 = 0 is shown in Fig. 2 .
K 1 is destabilized when y 1 starts to grow and this happens when K 1 < 2/π and K 6 is destabilized when y 6 starts to grow and this happens when K 6 < 2/π, respectively. Since these instabilities occur independently, we expect there are 4 different phases; the unlocked tilted-hexatic phase, the hexatic phase, the tilted phase, and the liquid phase. The phase boundaries are given by K 1 = 2/π and K 6 = 2/π.
To complete the RG recursion relations for the effective Hamiltonian L, we study the renormalization of Γ (2) hh (q) and obtain
in the strong coupling regime and
in the weak coupling regime. The renormalization of the bending rigidity is the same in both regime except the appearance of K 16 in the recursion relation for the strong coupling regime.
Defining K 1 + 2K 16 + K 6 = K (K 1 + K 6 = K) for the strong (weak) coupling regime, we find a fixed line corresponding to the crinkled phase at 4κ = K, and the crinkled-to-crumpled transition occurs at K = 8/π (4/π). The crinkled phase in the strong coupling regime has the stiffer bending rigidity than that in the weak coupling regime.
